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The Sz.-Nagy “théoreme principal” extended.
Application to subnormality

F. H. SZAFRANIEC

A Monsieur le Professeur Béla Szdkefalvi-Nagy
a l’occasion de son quatre-vingtieéme anniversaire

The purpose of this paper’) is to extend the celebrated Sz.-Nagy general
dilation theorem of [24] from bounded operators to unbounded ones. It turns out
to be convenient to replace, like in [18], bounded operator valued functions on
*-semigroups by forms. So as to get complete description of the shift operator
determined by such a form the reproducing kernel Hilbert space construction is
used in the way proposed in [8].

The Hilbert spaces to be considered here are complex ones and (e, —) always
stands for inner product regardless the Hilbert space involved is; we have to trust
this leads to no confusion. B(H) denotes the algebra of all bounded linear opera-
tors in H and I stands for the identity operator. D(A) denotes the domain of un
unbounded densely defined operator A, A* denotes its adjoint, A~ its closure. Se-
migroups considered here are, in general, in multiplicative notation; if a semigroup
® has involution, that is a mapping s — s* satisfying (st)* = t*s*, s,t € & and
e* = e provided & has a unit element e, then it is called *-semigroup.

1. Starting from 1955

In that year the celebrated Béla Székefalvi-Nagy Appendix “Prolongment
des transformations de ’espace de Hilbert qui sortent de cet espace” appeared; it
centers around the famous “théoreme principal”. This general dilation theorem
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250 F. H. SZAFRANIEC

was used there to deduce a number of diverse results in Operator Theory. Let
us state here, in different notation, the substantial part of this theorem. A map
©:® — B(H), & being a *-semigroup is said to be positive definite for any finite

sequences Sg,...,Sy € ® and xg,...,xny € H
N
> lp(sysi)ai, ) > 0.
2,j=0

The Sz.-Nagy “théoréme principal” [24]. Let & be a *-semigroup with a unit.
Then a necessary and sufficient condition for p: & — B(H) to be represented as

o(s) =V*d(s)V, sed
where V is a bounded linear map of H into a Hilbert space IC and ® is a unital in-

volution preserving semigroup homomorphism of & into B(K), is that ¢ be positive
definite and satisfy the boundedness condition

N N
D lp(sjurusi)mi, ;) < c(u) Y (p(s§si)wi,z5)
i,j=0 1,j=0

with c¢(u) independent of s; and x;. If p(e) = I, V becomes an isometry.

It turns out that the Sz.-Nagy general dilation theorem is equivalent to anot-
her famous result of those times, namely to the Stinespring decomposition theorem,
cf. [20]. Reporting briefly?) on what has happened else around this theorem we
want to mention results simplifying the boundedness condition, cf. [14], [16], [17],
[9] as well as [25] and a version of this theorem in the nonunital case [15]. It may
also be interesting to record the result of [26] showing that in some circumstances
the boundedness condition replaces positive definiteness.

2. Recalling the RKHS construction

We wish to collect some facts from the theory of reproducing kernel Hilbert
spaces, cf. [1]. Let A be a set; a function K: A x A — C is referred to as a kernel.

2) We do not pretend to mention here all the works related, in particular we do not quote

those which go out of the Hilbert space scope unless this is necessary.
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Théoréme principal extended 251

The kernel K is said to be positive definite if for any finite sequences aq, ...,ay € A
and &,...,Env € C
N —
> K(ai,a;)6€; > 0.
1,j=0

Set K, = K(e,a). Then the reproducing kernel Hilbert space® Hy of the kernel
K is composed of functions f: A — C, the linear span of the functions K,, a € A
is dense in Hg and the inner product of Hx extends from

(Ko, Kp) = K(a,b), a,be A.

Besides the Schwarz inequality there are two useful tools: the reproducing kernel
property and, its consequence, the RKHS test. The reproducing kernel property
says that for any f € Hg

f(a):<Ka>f>7 a€ A

The reproducing kernel Hilbert space test, cf. [19], asserts that f belongs to H if
and only if there is ¢ = ¢y such that for any finite sequences ag,...,an € A and

€0,-.,6n €C

|Z a; fz <c Z al7aj §z§]

%,j=0

3. Extending the dilation theorem

Suppose £ is a complex linear space and & is a semigroup with unit and
consider a mapping K: % x & x £ x £ — C. We think of K as a kernel on & x £
(arranging & x & x £ x £ in the appropriate order if one needs this). Suppose that
for any s,t € & K(s,t, e, —) is a hermitian bilinear (=sesquilinear) form * on &;
this justifies the name form kernel over (&, ) we intend to use here. Thus positive
definiteness of K can be written explicitly as

Z K(Sivsjaziaxj) >0

i,j=0

3) We use the abbreviation RKHS.
4) We follow here the idea, implemented in [8], of using a scalar RKHS in the context of
(unbounded) operator valued kernels.
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252 F. H. SZAFRANIEC

for any finite sequences sg,...,sy € & and zg,...,zxy € £. Adopt the notation
of the preceding section, in particular for K, and Hg. Thus members of Hg
are functions f:® x & — C and because they are pointwise limits of functions
Zi]\io & K, o;, the mappings ¢ — f(s,x), s € ® are always linear.

Set

ViEsx — K., € Hi.

If K is nondegenerate, that is if K(e,e,z,y) = 0 for any y implies = = 0, or,
equivalently K (e, e, z,2) = 0 implies z = 0, then the linear mapping V is injective.
If £ is a normed space and K is isometric, that is K(e,e,x,z) = ||z||, z € &, then
V is an isometry if £ into Hyg. If £ is a dense subspace of a Hilbert space H,
say, and K is isometric, then V extends to H and the resulting operator imbeds
isometrically H into Hy . Notice that in this case the form ¢ must necessarily come
from an (unbounded) operator valued kernel on &, more precisely, there are linear
mappings k(s,t):E — H, s,t € & such that K(s,t,z,y) = (k(s,t)x,y), z,y € &.
The operators k(s,t) are, in general unbounded; they are bounded if and only if,
for any f € Hyi and s € &, the functional + — f(s,x), which as we already know
is always linear, is bounded®.

Denote by D the linear span of K, 5, s € &, z € £ and, for u € &, by D(u)
the linear space of f € Hg such that f, € Hg too, where

fuls,x) = f(us,z), seE®, zek.

There are two natural candidates for the shift operator: ®,, and ®(u). Define them

as follows
D(@u) = D7 (I)uKs,:c = BDys,z» ERS 6, T € 57

D(®(u)) = D(u), @(u)f=fu, [feD(w).

The first operator is well defined if and only if

N N
E K(s;,85,%;,2;) =0 implies E K (usi,usj, x;,xj) =0,
i,j=0 i,j=0

while the second is always.
Set ®,, = ®(u)|p. Keeping up all the above notations we are ready to present
our general dilation result.

5) This can be deduced straightforwardly or get from [6]. Because this fact is not involved

in any argument here, we do not discuss it in detail.
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Theorem 1. Let & be a semigroup with unit and £ a dense linear subspace of a
Hilbert space H. If K is an isometric positive definite form kernel over (&,€) and
the operators ®,,, u € &, are well defined, then®

K(s, t,x,y) = (®;Vx, & Vy), s,te®, r,yef

with V:H — Hg being isometry. Moreover, the mapping s — ® is multiplicative
on D, that is
(I)uq)vf:q)uva u,UE@, fED

while the mapping s — ®(s) is antimultiplicative, that is
P(u)@(v)f = P(vu)f,  u,v€ B, feD(@u)d(v)).

In addition to this
o = d(u), ued

as well as
(1) D(®}) =D(®,) + Mi(u) and  D(u) = D(®;,) + Ma(u)

where My (u) = ker(I 4+ ®(u)®:), May(u) = ker(I + ®X®(u)) and the sum being

direct.
In the above & = (®,)* and &, = (P,,)".

Proof. The only things which need some proof are: ®* = ®(s) and the direct sum
decompositions (1); the rest can be deduced straightforwardly from the construc-
tion.
First we want to prove that ®* = ®(s). Let f € Hg. Then it belongs to
D(®r) if and if

N N
|<(I>u ZgiKsi,ww f>| S Cf” ZgiKSinTi N
=0 =0

If f, belongs to Hg, then the reproducing kernel property used twice gives us

N N N
(@0 &K wi ) = &iKuswi /) =Y &if (usi, x:) Z@y sier fu)
=0 =0 =0

6) Our aim is to present a construction of the objects appearing in the theorem. This is

why we state it as a “one way” implication; the converse is easy both to formulate and to

prove.
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and this implies the aforesaid inequality with ¢y = || fy||. Conversely, because, as
we have just showed,

N N
(B0 &Ko, )= &if(usi ),
i=0 =0

this inequality forces the RKHS test to tell us that f, € Hg. This gives us
D = B(s).
Because ®,, C @ and ¢, C O, we apply Theorem 1 of [2] to the closure

u’

of the operators ®,, and ®,, to prove the direct sum decompositions (1). Because
O * = &F = &(u) and ¢,* = &, the linear subspaces Mj(u) and Msy(u) are of
the required form.

]
It is interesting to isolate the following fact as

Corollary”) 1. D(®;) = D(®;) if and only if ker(I + ®(u)®:) = {0}. D(u) =
D(®;) if and only if ker(I + ®%®(u)) = {0}.

u

Suppose the kernel K has the property that for any u € & there is a linear
operator A(u): £ — £ such that

(2) K(us,t,z,y) = K(s,t,z, A(u)y), s, te®, x,yeck.

(Notice that for a nondegenerate kernel the operators A(u) are uniquely determi-
ned.) Because of hermitian symmetry of K this is the same as

K(s,ut,z,y) = K(s,t, A(u)z,y), s, te®, x,yef.

Thus (2) implies
K(us,vt,z,y) = K(s,t, A(v)z, A(u)y), 5, te®, x,yel
and
(Ks2)u = Ks A(u)a-

Consequently, for f € D(®F),

(@0 Koa) = (f, ®ulsa) = (f, (Ko)u) =

= (i Ksa@y) = f(s, A(w)z) = (f*, Ks.2)

where

(3) f“(s,:z:) = f(S,A(U):E)

Thus we have arrived at the following

) Cf. [3], Satz 1.
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Theorem 2. If the form kernel K satisfies assumptions of Theorem 1 and has the
property (2), then, in addition to the conclusion of Theorem 1,

®.f =1 fED@.S)
where f* is defined by (3) and
D,V =VAu).
The second equality of the conclusion can be deduced directly.
Consider the following condition
(4) flus, A(w)z) = —f(s,x), se®, xel.
Then Corollary 1 implies now immediately

Corollary 2. D(®*) = D(®;) if and only if (4) holds true for f € D(®(u)d*).
D(u) = D(®;) if and only if (4) holds true for f € D(®d(u)).

Suppose now that & is a *-semigroup with unit, call a mapping w: &8 xEXE —
C a form function over (6,€) if, for any s € &, w(s, e, —) is a hermitian bilinear
(=sesquilinear) form on £. A form function w is said to be positive definite if for

any finite sequences sg,...,sy € & and xg,...,xny € €
N
*
E W(Sj5i7l’i7l’j) 2 0.
i,j=0

This means that the form kernel® K on A = & x & defined as
K(s,z,t,y) = w(t’s, z,y)

is positive definite; denote the corresponding functions K, by ws , and the resul-
ting RKHS by H,,. Notice that the operator?) ®,, is well defined, because from the
Schwarz inequality we get

N N N
|| Z giwusi,zi 2 S H Z giwsi,xi ‘ Z giwu*usi,mi
=0 i=0 =0

Now we can say more about ®,,, ®,, and ®(u): the interplay of them becomes
more symmetric. Theorem 1 has its version in the following

8) What is in fact in Sz.-Nagy’s proof [24], though not mentioned by name, is a RKHS of

a (bounded) operator valued kernel, like it was exploited in Pedrick’s unpublished Ph.D.
thesis [6]. Later Masani used the same idea in [4] presenting a theorem reflecting his way
of thinking of stochastic processes.

9) Tt has, in fact, a prototype in [24].
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Theorem 3. Let & be a *-semigroup with unit and € a dense linear subspace of a

Hilbert space H. If w is an isometric positive definite form over (&,&), then'®)
w(s,z,y) = (P Ve, Vy), seBa,yel

with V:H — H,, being isometry. Moreover, the mapping s — @, is multiplicative
on D, that is
(Duq)vf = (I)u,vfa U,V € 67 f €D

while the mapping s — ®(s) is antimultiplicative, that is
D(u)®(v)f = ®(vu)f, u,v € &, f € DP(u)P(v)).
In addition to this
Or=d(u), D, =dw)|p and B, =D,

as well as
D(®(u*)) =D(®, ) + M(u)

where M(u) = ker(I + ®(u)®(u*)), the sum being direct.
Notice also that
D(D(u)B(v)) C D(D(vw))
and, consequently
ker(I + @ (u)®(u*)) C ker(I + ®(u*u)).

What is new in this Theorem can be obtained by direct calculation if one
realizes the fact that
K(us7 t’ :1:, y) = K(57 u*t? :Z:, y)'

Corollary 1 implies now
Corollary'V) 3. &7 = ®(u*) if and only if ker(I 4+ ®(u)®(u*)) = {0}.

Corollary 4. @, = ®(u*) if ker(I + ®(u*u)) = {0}.

10) Our aim is to present a construction of the objects appearing in the theorem. This is
why we state it as a “one way” implication; the converse is easy both to formulate and to

prove.
1) Cf. [3], Satz 1 again.
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Théoréeme principal extended 257
4. Characterizing unbounded subnormal operators

An operator N is said to be formally normal if D(N) C D(N*) and ||[Nf| =
IN*f|| for f € D(N); N is said to be normal if D(N) = D(N*). We get directly
from definition of formal normality that

N*Nx = NN*z,

for z € (D(N)ND(N*N)) N (D(N*) N D(NN*)) while for a normal N the set of
all 2’s for which this equality holds is precisely D(N?), cf. [23]; the latter set is
always dense.

An operator S in ‘H is said to be subnormal if there exists another Hilbert
space K containing H and a normal operator NV in K such that

D(S)C D(N)NH and Sz = Nz, z € D(S).

Set D*(S) = N,2, D(S™). From the aforesaid commutativity property one may
deduce immediately that both formally normal and subnormal operators have ne-
cessarily to satisfy the inequality

M
(5) Z (S, S"xm) > 0, xoy-.-,xp € DP(S), M =0,1,....

m,n=0

In contrast to the bounded case, even if S has invariant domain, e.g. SD(S) C D(5)
(then D>*(S) = D(S)) (5) may not force subnormality'?. The only thing which
can be deduced from (5) is in the following

Proposition [12]. Suppose SD(S) C D(S). Then S satisfies (5) if and only if there
is a Hilbert space IC containing H and a formally normal operator N in K such
that

D(N) =1lin {N*"z; z € D(S), n >0}, ND(N)C D(N), ND(N*)cC D(N),

D(S)C D(N)NH and Sz = Nz, z € D(5).

Following [13], a formally normal extension N of an operator S with invariant
domain D(S) is said to be minimal of cyclic type if

N~ = (Nlxwy) ™,

12) For some positive results look at [10, 11, 12] and [22].
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where

H(N) =ln{N"z: z € D(S), n>0}.

Proposition says that N is minimal of cyclic type. It is not difficult to show, cf.
Prop. 3 of [13], that two formally normal extension N7 and N, of S, which are
minimal of cyclic type, are H-equivalent, i.e. there is a unitary operator U: K1 —
Ko such that

Ur=z, z€eH and UN; = N,yU.

If S is subnormal, it may not have any minimal normal extension of cyclic type (cf.
[13] and [21]), however, what Cor. 3 of [13] informs us about, if it does at least one,
then all its minimal normal extensions of spectral type (they are defined in [13]
and always have to exist, cf. Proposition 1(«) of [13]) as well as those minimal of
cyclic type are H-equivalent. Thus we may think of any those equivalent extensions
just as a minimal one and say that a subnormal operator S (still having invariant
domain) has the uniqueness extension property if it has a normal extension being
minimal of cyclic type. Going back to our Proposition we can say if the closure
N~ of N is normal, S is subnormal and has the uniqueness extension property but
not vice versa.

Condition (5) is equivalent to positive definiteness of two different form ker-
nels: they lead to two different characterizations of subnormals.

Let & be the additive semigroup N of nonnegative integers. Define K as
follows'?)

K(m,n,z,y) = (S"x, S™y).

Then K satisfies (2) with A(i) = S®. Denote by F(®,&) the linear space of all
complex valued functions on ® x & and FL(®B, &) the linear space of those members
f of F(&,€&) for which the mapping z — f(s,x), s € & are linear.

Theorem 4. Suppose SD(S) C D(S). Then S is a subnormal operator having the
uniqueness extension property if and only if it satisfies (5) and the following holds
true: for any f € FLN,D(S)), f # 0 such that

fn+1,8z) = —f(n,x), neN

at least one of the following conditions is satisfied

M M
inf{ > (8", S"wm)| Y f(m,am)| 7% @0, 2 € D(S), M €N} =0,
m=0

m,n=0

13) A kernel like this is in [4], for instance.
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M M
inf{ Y (S, S"m)| Y fm+Lam)| "% z0,..., 20 € D(S), M € N} =0.
m,n=0 m=0

Proof. Let Hy, D, D(u), Py, ®, and ®(u) be as in Theorem 1. Set N = P
Because

N N N
HNZ&KM,MH = ||(I)1 ZfiKm,wiH = ”(I)(l) Zfanme =
1=0 1=0 =0

N N N
=0 =0 =0

N is formally normal. N extends S which follows from &,V = V'S. It follows from
the construction that N is minimal formally normal extension of S of cyclic type.
Thus S is subnormal with the uniqueness extension property if and only if N is
normal. Due to Corollary 2, this happens if and only if f € D((i),jtl)(u)) satisfies
(4). However f € D(®*®(u)) means that f, fu, (fu)* € Hix. The RKHS test
applied to this function leads to the conclusion. .

Now consider the other possibility. Let & = N x N with the involution
(m,n)* = (n,m). Define a form function w over (N x N, D(S)) as

wlm,n,z,y) =w((m,n),z,y) = (S"x, S™y), m,n € N, z,y € D(S5).
Let o be an integer valued solution of
o(m+1,n+1) —o(m,n) = odd,

call it admissible. The result is as follows

Theorem 5. Suppose SD(S) C D(S). Then S is a subnormal operator having the
uniqueness extension property if and only if it satisfies (5) and the following holds
true: for any f € FL(Z,D(S)), f # 0 and any admissible o at least one of the
following conditions is satisfied

M M
inf{ Z <Sm+qu7n’ Sn+pqu>| Z (_l)g(myn)f(m = Ny Tyn) 7
m,n,p,q=0 m,n=0

{Zmn}ot neo € D(S), M € N} =0,
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M M
mf{ Y (S, S P Y (=17 f(m = n 1 )|
m,n,p,q=0 m,n=0

{Zmn i o C D(S), M € N} =0.

A few words instead of proof: Set N = ®(; 5. Then N is a formally normal
extension of S. Because S has invariant domain,

H(N) =1ln{N"z: ze€D(S), n>0} =lin{N"N"z: z € D(S), m,n >0}

and this implies that the minimality requirement for N is satisfied in this case
as well. Then the proof requires merely the arguments of the proof Theorem 4.
The only additional information in this case is Theorem 3 where more detailed
description of the operators involved is contained.

One may get “weak” versions of conditions of Thms 4 and 5 immediately

Theorem 4'. Suppose SD(S) C D(S). Then S is a subnormal operator having the
uniqueness extension property if and only if it satisfies (5) and the following holds
true: for any f € F(N,D(S)), f # 0 such that

fn+1,8z) = —f(n,x), n €N

at least one of the following conditions is satisfied

M B M
lnf{ Z <Smxn75nxm>§m§n| Z f(m7xm)§7n‘72;

m,n=0 m=0

&os--- ¢ €C, xg,...,xp € D(S), M €N} =0,

M ~ M
inf{ > (S n, S"Tm)Emnl D FmA+1,20m)em| 7%

m,n=0 m=0

&y ém €C, xo,...,xp € D(S), M €N} =0.

Theorem 5. Suppose SD(S) C D(S). Then S is a subnormal operator having the
uniqueness extension property if and only if it satisfies (5) and the following holds
true: for any f € F(Z,D(S)), f # 0 and any admissible o at least one of the
following conditions is satisfied

M M
lnf{ Z <Sm+qun’5n+pqu>€mngpq| Z (_l)g(m’n)f(m —-n, xmn)fmn‘iQ;

m,n,p,q=0 m,n=0

{gmn}i\r{,nzO - C? {xmn}%m:o c D(S)7 m € N} = 0’
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Théoréme principal extended 261

M M
mf{ > (S T, S Ep ) emnp Y (=)
m,n,p,q=0 m,n=0

f(m —-—n—+ 1, l'mn)gmn|72; {gmn}i\r{,n:O c (C’
{xmn}%,nzo C D(S), me N} =0.

The results of this section impact the complex moment problem. We intent

to make this more transparent elsewhere.
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