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1. Introduction

The importance of the convexity concept for functions in several branches
of mathematics is rather well known. Since convex functions admits very nice
extremal properties, therefore this type of functions have a particular importance
in Optimization Theory (see [14]). From the standpoint of this theory the following
properties are the most relevant: if f(x) is convex, then

(i) the lower level sets {x : f(z) < ¢} are convex for any ¢ € R,
(ii) if in addition f(z) is differentiable, then any stationary point of f(x) (Vf(z) =

0) is a global minimum point of the given function.

The introduction of several kinds of generalizations of the convexity concept
has been characteristic of the second half of our century. Numerous generalizations
of convex functions have been derived which proved to be useful for extending
optimality conditions, previously restricted to convex programs, to larger classes of
optimization problems. For a review of generalized convexity and its applications
see [1,4].

Characterizations of convex functions using first order (gradient) or second
order (Hessian) information belong to the classical chapters of Function Theory.
In this paper our attention will be focused only to pseudoconvexity introduced by
Mangasarian for differentiable functions [13]. The most remarkable properties of
pseudoconvex functions are properties (i) and (ii).
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570 S. KoMLSs1

Throughout this work, we shall be concerned with the real, single-valued, dif-
ferentiable function f(z) defined on the nonempty open set D in the n-dimensional
Euclidean space R™. Let Vf(y) denote the gradient vector of f(z) at y € D and
let “T” denote the transpose. First we recall some definitions.

Definition 1.1. f(x) is called pseudoconvezr on the convex set C' C D if condition
(PCX) is satisfied:

(PCX) x,y € C, f(x) < f(y) implies Vf(y) " (z —y) < 0.

f(x) is called strictly pseudoconvexr on the convex set C' C D if condition (SPCX)
is satisfied:

(SPCX) z,y € Cox #y, f(x) < fy) implies Vf(y) " (z — y) < 0.

The aim of this paper is to provide first and second order characterizations for
pseudoconvex functions using the so called quasi-Hessian approach developed by
the author in [10] and has been used in analysing quadratic [11] and pseudolinear
functions [12].

2. Local characterizations of pseudoconvexity

The method of our investigation is of analytical character based on the lo-
cal analysis of the given function. To this end we will utilize local concepts of
pseudoconvexity.

Definition 2.1. Assume that f(z) is defined and differentiable around a € R™. The
function f(x) is called locally pseudoconvez at a if there exists a neighborhood G
of a such that condition (LPCX) holds:

x€G, f(xr)< f(a) implies Vf(a)" (z — a) < 0 and

(LPCX) o .
z € G, f(x)= f(a) implies Vf(a)' (z—a)<0.

The function f(x) is called locally strictly pseudoconvex at a if there exists a ne-
ighborhood G of a such that condition (LSPCX) holds:

(LSPCX) r€G, x#a, f(x) < f(a) implies Vf(a)" (z —a) < 0.

The following theorem provides the link between the global and local concepts
of (strict) pseudoconvexity.
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Proposition 2.2. Let the differentiable function f(z) be defined on the open convex
set C C R™. Then f(x) is (strictly) pseudoconvex on C if and only if it is locally
(strictly) pseudoconver at each point of C.

Proof. It is obvious that the global property implies the local one. Assume that
f(z) is locally pseudoconvex at each point of C. Let x,y € C be arbitrary and
assume that f(z) < f(y). We have to prove that Vf(z)" (z —y) < 0. Let us
consider the following functions:

) =1 —tr+ty, te0,1] and  B() = f(z(t), telo,1].

First we prove that §(t) attains its maximum on the closed interval [0, 1] only at
0. Assume for contradiction that the positive number ¢y, 0 < tg < 1, is the last
maximum point of 5(¢) in [0,1]. Setting zo = (1 — t9)z + toy and using the fact
that

B'(to) = Vf(z) (x—y)=0

we get that for every ¢ € [0, 1]
(2.1) V£ (20) T ((t) — 20) = 0.

By assumption f(x) is locally pseudoconvex at z thus there exists a neighborhood
G of zp such that condition (LPCX) is fulfilled. For this G one can find a positive
number ¢ such that tg < § < 1 and z(6) € G. From the definition of ¢y it is obvious
that f(z2(8)) < f(z0) and by (LPCX) it follows that

Vf(20)" (2(8) —20) <0
contradicting to (2.1). So we have proved that G(t) < 3(0) for every ¢ € [0,1].

Taking into account that f(z) is locally pseudoconvex at y there exists a positive
number s such that 0 < ¢ < s and f(2(¢)) < f(y) implies

(2:2) Vi) (2(t) =) =tVf(y) (z—y) <0.
Since f(x(t)) = B(t) < B(0) = f(y) therefore the right hand side inequality in (2.2)

gives the desired statement, Vf(y)'(z — y) < 0. Strict pseudoconvexity can be

proved by similar reasoning. -
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572 S. KoMLSs1

Proposition 2.3. Let f(z) be a real function defined and differentiable around a €
R™. Let us consider the following ‘level-surface’ condition:

there exists a neighborhood G of a such that:

(LSC) v € G, f(x)= f(a) implies Vf(a)" (z —a) <O0.

If Vf(a) # 0, then conditions (LPCX) and (LSC) are equivalent.

Proof. The implication (LPCX) = (LSC) is trivial. Assume that condition (LSC)
holds. We have to prove, that

(2.3) z€G, f(z)< f(a) implies Vf(a)' (z —a) < 0.
First we show that (LSC) implies the following property:
(2.4) z€ G, f(z) < f(a) implies Vf(a)" (z —a) < 0.

Assume for contradiction that there exists z € G such that f(z) < f(a) and
Vf(a)T(z —a) > 0. Since z — a is a strict ascent direction of f(z) at a, therefore
there exists a real number 0 < t < 1 such that f(u) = f(a) for u =tz + (1 — t)a.
By (LSC) it follows that

(2.5) Vi) (u—a)=tVf(a)' (2 —a) <0,

which is in contradiction to the ‘indirect’ assumption Vf(a)" (z —a) > 0.

Now we prove (2.3). Assume that z € G and f(z) < f(a). Since Vf(a) # 0,
therefore there exists a direction d € R™ such that Vf(a)'d > 0. Let § be a
sufficiently small positive number. Since f(x) is continuous and z = z + rd is
sufficiently close to a, therefore f(z) < f(a). By (2.4) it follows that

Vi)' (z—a)=Vf(a) (x—a)+rVf(a) d<0

and thus Vf(a)" (z —a) < —rVf(a)Td < 0.

Remark 2.4. The second part of the proof is due to T. Rapcsdk (cf.[15,
Lemma 2.6]).

Applying the same reasoning the strict version of Proposition 2.3 can be
proved.
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Proposition 2.5. Let f(z) be a real function defined and differentiable around a €
R™. Let us consider the following strict ‘level-surface’ condition:

there exists a neighborhood G of a such that

(SLSC) v€G, z#a, f(x) = f(a) implies Vf(a)" (z —a) <0.

If Vf(a) # 0, then conditions (LSPCX) and (SLSC) are equivalent.

Combining the previous results let us formulate the following theorem moti-
vating our further investigations on local (strict) pseudoconvexity.

Theorem 2.6. Let Vf(a) # 0. Then f(x) is locally (strictly) pseudoconvex at a if
and only if there exists a neighborhood G of a such that the ‘level surface’ condition
(LSC) ((SLSC)) holds.

In the following chapter we shall use this characterization in order to charac-
terize local pseudoconvexity.

3. First order characterization of local pseudoconvexity

In our further investigation the local analysis of the level surface f(x) = f(a)
will play a central role, whereas our main tool will be the implicit function theorem.
To be able to apply this theorem we will assume throughout this section that f(x)
is continuously differentiable. Further on we assume, that V f(a) # 0. We shall
use the implicit function theorem in the following way.

Let the vectors d, by, ...,b,—1 form an orthonormal basis in R™. We call this
basis admissible for f(x) at a if

(3.1) Vf(a)"d+#0.

Let us form the n x (n — 1) type matrix B from the basis vectors {b1, b2, ...,b,—1}
in the following way:
B=[biby...by_]-

Let 2 € R™ be arbitrary and let v := BTz € R*! and v :=d"2 € R. It is clear
that v and u are the coordinates of x in the basis {d, B} which means that

(3.2) x = vd + Bu.

Further on the vector x will be identified with the pair (v, u).
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Consider now the equation f(v,u) = f(a), where a = (vg,ug) and the basis
{d, B} is admissible. By the implicit function theorem there exist a neighborhood
G of a and a neighborhood N of ug and a unique function h(u) defined and conti-
nuously differentiable on IV such that

f(h(u),u) = f(a) and (h(u),u) € G for all u € N,

and
for all z € G we have Vf(z) d # 0,

moreover

x € G, f(x)= f(a) implies that = = (h(u),u)

for some u € N. Computing the gradient Vh(u) from the implicit relation
F(h(w),u) = f(a), one gets

_Vi@)'B
(3-3) Vh(u)" = SIOKL

where u € N and z = (h(u),u).

The following modification of the implicit function h(u) will play a central
role in the sequel.

Definition 3.1. The function
(3.4) H(u) := (=Vf(a)"d)h(u), u€cN,

is called the corrected implicit function of f(x) at a with respect to the admissible
basis {d, B}.

The following result is of technical importance and can be proved very easily
applying (3.3) and (3.4).

Lemma 3.2. Let the notations of the above implicit function theorem be applied.
Then for each x € G and w € N such that x = (h(u),u) one has

(3.5) H(uo) + VH(uo) " (u —ug) — H(u) = Vf(a) " (z — a).

In order to state the basic theorem of this section the following concept of
local convexity will be of use.
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Definition 3.3. Assume that H(u) is defined and differentiable around ug € R™.
The function H(u) is called locally convex at ug, if there exists a neighborhood N
of ug such that for every u € N one has

(3.6) H(u) > H(ug) + VH(ug) " (u— ug).

If for u € N, u # ug condition (3.6) holds with strict inequality, then H (u) is called
locally strictly convex at ug.

Theorem 3.4. Let the continuously differentiable function f(x) satisfy condition
Vf(a) #0. Then f(z) is locally (strictly) pseudoconvex at a = (vo,uo) if and only
if the corrected implicit function H(u) is locally (strictly) convex at ug.

Proof. Necessity: Assume that f(z) is locally pseudoconvex at a, where V f(a) # 0.
Let the notations of the above implicit function theorem be applied. Without loss
of generality we may assume that the neighborhood G of a fulfils condition (LPCX),
as well. Let u € N be arbitrary and set « = (h(u),u). Since f(x) = f(a), therefore,
by combining (LPCX) and Lemma 3.2. we have that

H(uo) + VH(uo) " (u—ug) — H(u) = Vf(a) (z —a) <0,

which is equivalent to (3.6).

Sufficiency: Assume that condition (3.6) holds on N. Since for each z € G
with f(x) = f(a) one can find an u € N such that = (h(u), u), therefore applying
Lemma 3.2 it follows that property (LSC) holds on G. By Theorem 2.6 it follows
that condition (LPCX) holds on G, as well.

The statement on local strict pseudoconvexity of f(z) at a and local strict
convexity of H(u) at ug can be proved by the same arguments. .

There is a very natural question concerning the above theorem as to how
one can test the local (strict) convexity of the corrected implicit function H (u)
at ug. There is a well known classical test for twice continuously differentiable
functions involving the positive (semi)definiteness of the Hessian matrix of the
implicit function H(u) at ug. The next section will be devoted to the study of this
matrix.
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4. The quasi-Hessian matrices

From now on let us assume that f(z) is twice continuously differentiable.
Then the corrected implicit function H(u) is twice continuously differentiable, as
well.

Definition 4.1. Let f(x) be twice continuously differentiable around a € R™ and
suppose that the basis {d, B} is admissible for f(z) at @ = (ug,v9). The Hes-
sian matrix V2H (ug) is called the quasi-Hessian of f(x) at a associated with the
admissible basis {d, B} and is denoted by Q5 f(a,d).

This notation of the quasi-Hessian matrix Qg f(a,d) is going to stress the
dependence of H(u) on the basis {d, B}. It is obvious that the quasi-Hessian
matrix is not unique, since any admissible basis {d, B} determines a quasi-Hessian
matrix. However they are all similar. In order to prove this statement we show how
the quasi-Hessian Qg f(a, d) is related to the gradient V f(a) and Hessian V2 f(a)
of f(x) at a. Differentiating twice the implicit relation f(h(u),u) = f(a) one gets
that

(4.1) Qpf(a,d) = B"[H, — Hy + H3]B,
where
H, = V*f(a),
fé a T2 a 2 a a T
Hy = (W<a)Td)(Vf( )d V= f(a) +V=f(a)dVf(a)'),
~ d"V?f(a)d
H3 = WVf(a)V(a)T.

First we point to the differential geometric connection of the quasi-Hessian
matrix. Let us consider the level surface, defined by the equation f(z) = f(a),
‘near’ a. For any admissible basis {d, B} the implicit function h(u) provides a
possible parameterization of the elementary surface under consideration. If we
compute the matrix Mpf(a,d) of the second fundamental form of this surface at
a with respect to the above parameterization and normal vector V f(a)/||V f(a)]|
we obtain the following (cf. [16]):

(4.2) Mg f(a,d) = (=1/[[Vf(a))@pf(a,d).

Tt is well known from the theory of elementary surfaces that the matrices Mg f(a, d)
and Mp: f(a,d’) corresponding to different admissible basises {d, B} and {d', B’}
are similar. Taking into account (4.2) we have arrived to the following assertion.
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Theorem 4.2. Let f(x) be twice continuously differentiable around a and suppose
that V f(a) # 0. Let {d, B} and {d', B'} be admissible basises for f(z) at a. Then
the quasi-Hessian matrices Qp f(a,d) and Qp: f(a,d’) are similar.

Despite of the rather complicated structure of the quasi-Hessian matrix, the
flexibility in choosing the basis {d, B} makes it possible to calculate with it. The
following results shows that for special admissible basis formula (4.1) becomes
significantly simpler. The proof is left for the Readers.

Proposition 4.3. Let the basis {d, B} be admissible for f(x) at a and suppose that
d=Vf(a)/[Vf(a)ll. Then

Qpfla,d)=B"V?f(a)B.

Proposition 4.4. Let the basis {d, B} be admissible for f(x) at a and suppose that

(4.3) d"V?f(a)b; = 0 for all b; € B.
Then
-
W) Quflad =BT |V + CYI DG T ra | B

(Vf(a)Td)?

If the vector d happens to be an eigenvector of the Hessian V2f(a) then
the hypothesis of the above proposition holds, consequently it seems to be worth
investigating basises containing eigenvectors of the Hessian V2 f(a).

Let s1,89,...,8, € R™ be orthonormal eigenvectors of the symmetric matrix
V2f(a) and let hy, ha, ..., h, € R be the corresponding eigenvalues. Since V f(a) #
0, therefore there exists at least one index i such that Vf(a)"s; # 0. Put

Bi =[51,...,8i—1,8i41,---,5n)-

We focus our attention in the sequel to the quasi-Hessian associated with the
admissible basis {s;, B;} and which will be denoted from now on by a simpler
symbol Q; f(a).

Let us introduce the following matrices:

S = [81,52,...,8n] and Ek = [61,...,6k_1,ek+1,...,en],
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where e; stands for the j-th unit vector of R”. Formula (4.4) gives the following in
this case:

Iy

T EE—— a a T .
i@V SE

(4.5)  Qufla)=E[ST |V*f(a)+

5. Conditions ensuring the positive semidefiniteness of the quasi-
Hessian

This section is devoted to analysing connections between the positive semide-
finiteness of the quasi-Hessian matrices of f(x) at a and certain properties of the
gradient V f(a) and Hessian V2 f(a) of f(z) at a.

Let us begin with listing some conditions and show them to be equivalent.
(C1) For any admissible basis {d, B} the quasi-Hessian Qg f(a,d) is positive semi-

definite.

(C2) Either V2f(a) is positive semidefinite, or, assuming that hj is a negative
eigenvalue of it, the following conditions hold:

(5.1a) Vf(a) s, #0,
L (V@s)
(51b) hj Z hk; (vf(a)Sk)ga J 7& k?
i (Vf(a)s;)®
(5.1c) 1+ T ;;O W >0

(C3) A Bowman-Gleason-type condition [3,6]: Either V2f(a) is positive semidefi-
nite, or, assuming that hy is a negative eigenvalue of it, the following condi-

tions hold:
(5.2a) Vf(a) s, #0,
(5.2b) hj > 0 for all j # k and

hj =0 implies Vf(a)"s; =0,
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(5.2¢) > (Vf(ha)sj)z <0.

h;#0 g

(C4) The Crouzeix-Ferland condition [5]: Either V2 f(a) is positive semidefinite, or
it has one simple negative eigenvalue and there exists a vector r € R™ such
that

(5.3) V2f(a)r = Vf(a) and Vf(a) r <0.
(C5) The Katzner condition [9]:

(5.4) p€R™ Vf(a)"p=0implies p' V2f(a)p > 0.
(C6) The Ferland condition [7]: The bordered matrix

0 Vi)'
Vf(a) V%f(a

has one simple negative eigenvalue.

Theorem 5.1. Let s1,89,...,8, € R™ be orthonormal eigenvectors of the Hessian
V2f(a), let hy,ha, ..., hy, € R be the corresponding eigenvalues and suppose that
Vf(a) # 0. Let {d,B} be an admissible basis for f(x) at a. Then conditions
(C1)-(C6) are equivalent.

Proof. (C1)=(C2): Assume that Qpf(a,d) is positive semidefinite. Let us consi-
der an index i such that Vf(a)"s; # 0. It follows that the quasi-Hessian Q;f(a)
does exist. According to Theorem 4.2 the matrices Qg f(a,d) and Q; f(a) are simi-
lar, consequently the matrix Q;f(a) is positive semidefinite, too. By formula (4.5)
it may be the case that the Hessian V2f(a) is positive semidefinite. Now let us
suppose that it is not the case. Then the matrix V2 f(a) has at least one negative
eigenvalue. Let h; denote one of them.

To prove (5.1a) assume for contradiction that Vf(a) sy = 0. Putu = E e}, €
R™~1. Then formula (4.5) gives the following:

u' Qif(a)u = 5. V2f(a)sy = hy < 0.

This inequality contradicts the positive semidefiniteness of @;f(a) and this cont-
radiction proves the necessity of condition (5.1a).
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To prove (5.1b) let us consider the quasi-Hessian Q) f(a) which is, by Theo-

rem 4.2 positive semidefinite, as well. Let j be an arbitrary index different from k.
Put u = E e; € R"~1. Applying (4.5) we have

T 2

(Vf(a) " s;)

0<u'Qifla)lu=h;+h ,

which is equivalent to (5.1Db).
To prove (5.1c) let us consider the vector p € R™ whose coordinates p;, j =

1,2,...,n are defined in the following manner:
Tg.
Vi) s if by # 0,
(5.5) pj = h;

arbitrary  otherwise.

From (5.1b) one can easily deduce (5.2b) and taking into account this condition
we have got the following result:

(5.6) hip; = Vf(a)Tsj, j=1,2,...,n.

It follows that

(5.7) STV2f(a)Sp= STV f(a).

Put u = E/p € R" ! and 2 = Eyu = E,E, p € R™. It is not difficult to notice

that the vectors p and z differ from each other in their k-th coordinate only and
we have z; = 0. Applying (4.5) we have

0<u'Qrf(a)u=2"STV?f(a)Sz+ hy ((v

This inequality along with (5.7) yields

ToTo2 _ T _ (Vf(a)TSz)
z' 8'Vof(a)Sz=Vf(a) Sz > —hy (¥ f () o) >0,
from which we obtain
hi -
—V S .
b (Vf(a)Tsp)? fla) 5220
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This last inequality is equivalent to (5.1¢) which can be verified by using (5.5) and
the definition of vector z.

(C2)=(C3): This implication is obvious. We have already mentioned that
(5.1b) implies (5.2b). Moreover (5.1c) and (5.2¢) are equivalent.

(C3)=(C1): Assume first that the Hessian V2f(a) is positive semidefinite.
By hypothesis one can find an index 4 such that Q;f(a) exists. It follows from
(4.5) that this matrix is positive semidefinite and thus, by Theorem 4.2, the quasi-
Hessian Qg f(a,d) is positive semidefinite, too.

Now let us suppose that V2 f(a) has at least one negative eigenvalue. Let hy be
one of them and suppose that conditions (5.2a,b,c) hold. Condition (5.2a) ensures
the existence of the quasi-Hessian Qg f(a). To prove the positive semidefiniteness
of @pf(a,d), by Theorem 4.2, it is enough to prove the positive semidefiniteness
of Qxf(a).

Let u € R"~! be arbitrary and let us introduce the following notation:
Eyu=(21,2,...,2,) €R™

It is obvious that z; = 0. By using (4.5) we obtain

2

h
5.8 u' Qpfla)u = hjz? 7kQ \Y% aTs.zj
(5.8) Quf(a) j; t S e ;f (@) sn)

Taking into account (5.2b) and applying the Cauchy-Schwarz inequality, we have

@) sz < | 3 O (5 )

Jj#k ,5;0 Jj#k

The above inequality along with (5.2¢), which has been proved to be equivalent to
(5.1c), and (5.8) yields the desired conclusion:

2T Qrf(a)z >
hu, (Vf(a)s;)?
> Q1) |1 g 2wy | 20
hj#0

This inequality proves the positive semidefiniteness of the quasi-Hessian Q f(a).
(C3)=-(C4): Assume that condition (C3) is fulfilled. It is enough to examine
the case when the Hessian V2 f(a) is not positive semidefinite. Let us consider a
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vector p defined by (5.5) and therefore satisfying (5.7). Put r = Sp. It follows from
(5.7) that

(5.9) V2f(a)r = Vf(a).

Keeping (5.2¢) in mind we have

(5.10) Vi) r=Vfa) Sp="Y" %‘W <0.
h;#0 J

Tt is not difficult to see that in our case every solution r of equation (5.9) satisfies
inequality (5.10).

(C4)=-(C3): Assume that condition (C4) is fulfilled. It is enough to examine
the case when V2 f(a) is not positive semidefinite.

Let r € R™ be arbitrary such that V2f(a)r = Vf(a) and Vf(a) r < 0. Then
for p = STr equations (5.6) and (5.7) hold. By hypothesis the eigenvalue hy, is
negative and h; > 0 for all j # k. From (5.6) we easily obtain (5.2b).

On the other hand

)2
> IO _ G pa)Tsp = Vi(@)Tr <0
h;#0 J
and thus (5.2¢) holds, too.
To prove (5.2a) assume for contradiction that V f(a)"s; = 0. Since in this
(V5 (@)s,)?
T, _ a)S;
Vf(a) r = Z T>0,
h;>0
we have a contradiction to the hypothesis V f(a)Tr < 0.
(C1)=(C5): Assume that condition (C1) is fulfilled. Let p € R™ be arbitrary

and suppose that Vf(a)"p = 0. We may assume, by Theorem 4.2, without loss of
generality that d = V f(a)/||Vf(a)|. By Proposition 4.4 we have that

0<u'Qpf(a,dyu=p"Vf(a)p,

where v = B'p ¢ R* L.

(C5)=-(C1): Assume that condition (C5) holds. Now we prove that the matrix
QB f(a,d) is positive semidefinite. As in the previous part of the present proof we
may assume that d = Vf(a)/||Vf(a)||. Let u € R"™! be arbitrary. Then we have
V£(a)" Bu = 0. Taking into account condition (C5) and Proposition 4.4 we obtain

0<u'B'V%f(a)Bu=u'"Qgpf(a,d)u.

(C5)<(C6): This equivalence was shown by Ferland (cf. [7], Theorem 2.9)..
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Remark 5.2. For comparing condition (C6) with the other ones our quasi-Hessian
approach is not suitable. The equivalence of (C5) and (C4) was shown by Crouzeix
and Ferland in [5, Theorem 4.1].

6. Conditions ensuring the positive definiteness of the quasi-
Hessian

Theorem 6.1. Let s1,82,...,5, € R™ be orthonormal eigenvectors of the Hessian
V2f(a), let hi,ho,...,h, € R be the corresponding eigenvalues and suppose that
Vf(a) #0. Let {d, B} be an admissible basis for f(x) at a. Then conditions (D1)-
(D5) are equivalent.

(D1) The quasi-Hessian Qp f(a,d) is positive definite.

(D2) Either V2 f(a) is positive definite, or, assuming that hy is a nonpositive ei-
genvalue of it, the following conditions hold:

(Vf(a)'s;)?
(Vi(a)Tsk)?’

and in case of hi < 0, it is additionally

Vi(a) sy #0; hj>—hy =1,....,n and j #k;

" (V asj2
Z( f(a)s;)

h <0.

Jj=1

(D3) Either V2 f(a) is positive definite, or it has one simple nonpositive eigenvalue
hi such that Vf(a) sy # 0, moreover if hy < 0, then for the unique solution
r € R” of equation V2 f(a)r = Vf(a) we have Vf(a)'r < 0.
(D4) p e R™, p# 0, Vf(a) p=0 implies p" V2 f(a)p > 0.
(D5) The bordered matrix
0 V(@'

Vf(a) V*f(a)
18 nonsingular and has one simple negative eigenvalue.
(D6) There exists a positive number 1o such that for all v > ro the augmented
Hessian

H(r) = V*f(a) + 1V f()Vf(a)"
18 positive definite.
Proof. The equivalence of conditions (D1),(D2),(D3) and (D4) can be proved using

the same technique developed in the proof of the previous theorem, however, the
examination of conditions (D5) and (D6) requires quite other ideas.
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The equivalence of (D4) and (D6) is the well known Finsler Lemma [8]. The

equivalence of (D4) and (D5) was shown by I. Zang [17, Proposition 7]. -

Remark 6.2. The implication (D1)=(D4) was essentially proved by T. Rapcsdk
in [15]. It should be noted that the positive semidefiniteness of the augmented
Hessian H (a) is not equivalent to the positive semidefiniteness of the quasi-Hessian
Qpf(a,d) (combine [17, Theorem 2] and Theorem 5.1 of this paper).

7. Characterization of pseudoconvexity via the quasi-Hessian

In this chapter we combine the results of the previous parts in order to cha-
racterize pseudoconvexity or strict pseudoconvexity. First we prove a preparatory
lemma.

Lemma 7.1. Let f(x) be defined and twice continuously differentiable around a €
R™, where Vf(a) #0. Let the basis {d, B} be admissible for f(x) at a. Then
(i) if there exists a neighborhood G of a such that the quasi-Hessian Qg f(x,d) is
positive semidefinite for all x € G then f(x) is locally pseudoconvex at a;
(ii) if QB f(a,d) is positive definite then f(x) is locally strictly pseudoconvex at a.

Proof. (i) Assume that Qpf(z,d) is positive semidefinite for all z € G. Without
loss of generality we may assume that neighborhood G is just the one figuring in
the implicit function theorem. From this it can be deduced that for any u € N
the Hessian V?H (u) is positive semidefinite, too and thus H(u) is convex on N.
Applying Theorem 3.4 we obtain the thesis.
(i) Since Qpf(a,d) is positive definite, therefore the Hessian V2 H (ug) is positive
definite, too. It follows that the corrected implicit function H () is strictly locally
convex at ug. Applying Theorem 3.4 we get the thesis. .
It is not difficult now to extend the previous result for global (strict) pseudo-
convexity.

Theorem 7.2. Let f(x) be twice continuously differentiable on the open convex set
C C R™. If the following conditions are satisfied, then f(x) is (strictly) pseudocon-
vex on C':
(i) forallz € C Vf(z) =0 implies that f(x) attains a (strict) local minima at
Z,
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for all a € C such that Vf(a) # 0 one can find a basis {d, B}, admissible
for f(xz) at a, for which the quasi-Hessian Qpf(a,d) is positive semidefinite
(positive definite).

For pseudoconvexity the appropriate conditions of this theorem are necessary,

Proof. The above conditions ensure that f(z) is locally (strictly) pseudoconvex
at each point of the open convex set C. Applying Proposition 2.2 the proof is
completed.

Remark 7.3. It is worth noting that the quasi-Hessian Qpf(a,d) characterizes
(strict) pseudoconvexity as the Hessian V2 f(x) does (strict) convexity.
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