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Smoothness of Green’s functions
and density of sets

F. Tookos*
Communicated by V. Totik

Abstract. We investigate local properties of the Green function of the com-
plement of a compact set £ C [0,1] with respect to the extended complex
plane. We extend results of V. Andrievskii, L. Carleson and V. Totik which
claim that the Green function satisfies the 1/2-Hélder condition locally at the
origin if and only if the density of E at 0, in terms of logarithmic capacity, is
the same as that of the whole interval [0,1]. We give an integral estimate on
the density in terms of the Green function and extend the results to the case
E c[-1,1].

1. Definitions and main results

Behavior of Green’s functions around boundary points is a fundamental ques-
tion of harmonic analysis, which has applications in different areas such as smooth-
ness properties of solutions to Dirichlet problems or bounds for polynomials and
polynomial inequalities.

Let E C [0, 1] be a compact set with positive (logarithmic) capacity cap(F) >
0. We consider E as a set in the complex plane C and use notions of potential
theory in the plane (see [6], [5]).

Let Q :=C)\ E, where C := {00} UC is the extended complex plane. Denote
by ga(z) = ga(z,0), z € §, the Green function of Q with pole at co. In what
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118 F. Todkos

follows we assume that 0 is a regular point of E, i.e., go(z) extends continuously
to 0 and ga(0) = 0.
The monotonicity of the Green function yields

gQ(Z) > g@\[o’l] (Z)v z € C\ [Ov 1]7

that is, if E has the “highest density” at 0, then gn has the “highest smoothness”
at the origin. In particular

ga(-r) =2 gE\[O’l](_T) >V, 0<r<l

In this regard, we would like to explore properties of £ whose Green function has
the “highest smoothness” at 0, that is, of ' conforming to the following condition

ga(z) < C|z|1/2, z € C,
which is known to be the same as
(1.1) ga(—r) < Crt/? 0<r<1

(c.f. [1, Theorem 3.6]). Various sufficient conditions for (1.1) in terms of metric
properties of E are stated in [7], where the reader can also find further references.

There are compact sets E C [0, 1] of linear Lebesgue measure 0 with property
(1.1) (see e.g. [7, Corollary 5.2]), hence (1.1) may hold, though the set E is not
dense at 0 in terms of linear measure. On the contrary, V. Andrievskii [2] proved
that if E satisfies (1.1) then its density in a small neighborhood of 0, measured
in terms of logarithmic capacity, is arbitrarily close to the density of [0, 1] in that
neighborhood, i.e. (1.1) implies

. cap(EN[0,r]) 1
1.2 lim ——— o
42 Ty i

Recall that cap(l) = |I|/4 for any interval I, where |I| denotes the length
(Lebesgue measure) of I.
For 0 < e < 1/2 we set (see [4])

(1.3) E.(t) = (EN[0,8]) U[0,e] U[(1 — )¢, 1.
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Smoothness of Green’s functions and density of sets 119

Theorem 1. For any e >0

Lol cap(BE(1)y 1 go(=)
(1.4) /T<1_ : );dt<00 Qﬁ

where Cy 1s independent of r.

L. Carleson and V. Totik [4] have characterized the optimal smoothness in
terms of a Wiener type condition. They proved

Theorem 2. Let e < 1/3. Then E satisfies (1.1) if and only if

(L emELTy

This theorem plays the same role for Lip 1/2 smoothness as Wiener’s theorem
for continuity. The proof of Theorem 2 in [4], due to L. Carleson, was based
on Poisson’s formula. There is an alternative approach: using the technique of
balayage; and with it we prove the following variant of Theorem 2.

Theorem 3. Let € < 1/2. Then E satisfies (1.1) if and only if

(1.5) /01 G - M)%dt < .

Andrievskii’s theorem is a consequence of Theorem 3 (see Lemma 1).
Andrievskii constructed a regular compact set E C [0,1] such that

. ga(=r) 1
;1_)1% Y =0, 0O<e< 3
holds and
EnNJo
(1.6) lim inf capEnlo.rl) _,
T— T

Furthermore he proved that conversely, (1.2) does not imply (1.1).
The method used in the proofs of Theorems 1 and 3 can be applied to the
case E C [—1,1] as well (c.f. [4, Theorem 1.11]). In this case

. . T
ga(ir) > 9@\[—1,1](”) > 3 0<r<l,
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120 F. Todkos

therefore in this case the optimal smoothness for Green functions is Holder 1 and
we are interested in the sets E satisfying

ga(z) < C)z|, 0<|z|<1.
This is equivalent to
(1.7) galir) < Cr, 0<r<l1
because gq(z + iy) is monotone in y (c.f. the reasoning before (6.5) in the Proof of
Theorem 5). The highest smoothness of the Green function at the origin (Lipschitz

condition) is again equivalent to the highest density at 0. Namely, let £ C [-1,1]
and set F.(t) as in (1.3) and

E(—t) = (E N[t O]) U[—t,(1 = €)(—1)] U [—et, 0.

Theorem 4. If E C [-1,1] and € > 0 then

1 .
(1.8) /T (i _ Cap(f‘g(t))>%dt < 00997(027’)

The same 1is true for E.(—t).
Theorem 5. Let ¢ < 1/2. Then E satisfies
(1.9) ga(z) < Clz|, 0<|z| <1,

if and only if (1.5) holds for E.(t) and E.(—t).
This is a variant of [4, Theorem 1.11].
Corollary 1. If E satisfies (1.9) then
cap(EN[-rr]) 1

1.10 lim == T2
(1.10) limy . 5
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Smoothness of Green’s functions and density of sets 121

Corollary 2. (c.f. [4, Corollary 1.12]) gq is Holder 1 continuous at 0 if and only if
both 9E\(Bn[0,1]) and 98\ (Bn[-1,0]) 4T€ Hélder 1/2 continuous there.

2. Notations

We shall use ¢, cg, c1,c3, ..., C,Cy,C1,Co, ... and dy,ds, . .. to denote positive
constants. These constants may be either absolute or they may depend on E
depending on the context. We may use the same symbol for different constants if
this does not lead to confusion.

|F'| denotes the linear Lebesgue measure of a measurable subset F' C R of the
real line R.

D := {z : |z] < 1} is the unit disk, T = 0D is the unit circle and for
21,29 € (C, 21 75 29 let

[z1,20] = {tza+ (1 —t)21 : 0 <t <1}

be the interval between these points.
For the notions of logarithmic potential theory see e.g. [5] or [6]. In what
follows g denotes the equilibrium measure of F,

U¥(z) = /log Ldu(t)

|2 — ]

the logarithmic potential of the measure v, gs(z,a) the Green function of the
domain G with pole at a, w(x, H, G) the harmonic measure in G corresponding to
the set H C 9G. We shall frequently use the relation

(2.1) gevs(z) = log @ _UrE(z), ze€C\E

valid for any compact set E of positive capacity.

Let G be a domain with compact boundary and with cap(9G) > 0, and let v
be a measure supported on GG. We shall need the concept of balayage (or sweeping)
of v out of G (sometimes we say balayage onto 0G), see e.g. [6, Sec. 11.4]. It is
the unique measure 7 supported on OG with the property that v(C) = 7(C) (total
mass is the same) and

(2.2) U”(z) = U¥(z) + const
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122 F. Todkos

for z € OG with the exception of a set of capacity 0. For regular G the exceptional
set is empty. If G is bounded, then the constant is 0 ([6, Ch. II, Theorem 4.1}),
and if G is unbounded, then it is ([6, Ch. II, Theorem 4.4])

(2.3) const = /Ggg(a,oo) dv(a).

We shall use the notation Bal (v, G) for the balayage measure 7.

There is a connection between harmonic and balayage measures: if K C 0G
are compact sets, then for x € G the equality

(2.4) Bal (6,,G) (K) = w(z, K, G)

holds, where J, denotes the point mass (Dirac measure) placed at the point = (see
e.g. [6, Appendix A3, (3.3)]). Therefore, in what follows we shall interchangeably
use the harmonic measure and balayage notations.

We shall also use Harnack’s inequality: if u is a positive harmonic function in
the unit disk and |z] < 1, then

1—|z|
u(0) <u(z) <
1+ |z 0) =< ()_1—|z|

(2.5)

It follows from this (see e.g. [3]) that if K is a compact subset of G, then there is
a constant ¢ such that for all positive harmonic functions © on G

for all z and y in K.
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Smoothness of Green’s functions and density of sets 123

3. Proof of Theorem 1

We divide the proof into three steps.

Step 1. First we are going to verify the following: Let I; = [a;,b;], j € N be
disjoint closed subintervals of (0, 1] such that b; < C1|I;|, j € N for some Cy, and
for € > 0 set

(3.1) Fy=(I; NE)Ulaj,a; + (¢/2)|1;]] U [bj — (¢/2)|1;], bj].
Then

1 cap(F)) ga(-r)
(3.2) P2y (Z_ o] )<c0 Q\/F .

For the proof first of all notice that

(3-3) peuos([0,7]) < Caga(=r),  0<r <1,

for some Cy > 0 (recall that 1o, denotes the equilibrium measure of EU[0, 7).
This is immediate, since (see (2.1))

1

apEup U

90(=7) Z 92\ (o) (—7) = log

= UHreoen(Q) — UFeRr (—r) = /log L —: L

dﬂEU[O,T} (t)

z(bgzxﬁrduEw&ﬂu>=<bgmuEwuﬂqarn.

Let D; resp. C; be the open disk, resp. circle with diameter I;, let J;
be the middle third part of the arc 0D; N {8z > 0}. If I = (a,b) we use the
notation I(e) = (a + (b — a),b — (b — a)). Taking balayage of some measure
supported in D; onto E U [0, 7] can be done in two steps: first take balayage onto
d(D; \ (EU[0,7])), and then onto EU(0, ] (see Figure 1). Hence for a € I;(/2) =

i + (/211,65 = (e/IL1], I € 1]

Bal (da,C\ (EU[0,7])) ([0,7])

_ / Bal (5, €\ (U0, 7)) (10, ])Bal (5, D \ E) (b).

&
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124 F. Todkos

Figure 1: the disk D; and the set F)

Next we use that pu g,y is the balayage of yjo 1) onto EU[0, 7] ([6, Theorem IV.1.6,
(e)]), and so

MEU[O,T]([OJ']) = Bal (M[0,1]7 C\(FU [077"])) ([0,7])

> Bl (o) | CVEUDD ) (01)

_ / Bal (4., C \ (EU [0,7))) ([0, ])dppo.1)(a)
[r1\E

(3.4)
> > [ BalE.C\ BU ) (0. )de @)
g LClr1) i
= Z S,
g 1;C[r,1]
and here

Sz [ [ Bal(GC\ (B U0.1) (0.r)d Bal (Ga, D\ B) (B (a)
I;(e/2) JCj

> (bi&fj Bal (3, €\ (B U [0.7])) (0.])) /1 o B0 D5\ ) ()0
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Smoothness of Green’s functions and density of sets 125

Denote by 2C}, resp. 2D; what we obtain from C; resp. D; by enlarging them
twice from their center. Then 2D; contains in its interior the interval I;. For
a € I;(e/2) Lemma 2 gives
Bal (da, D; \ E) (J;) = Bal (00, D; \ F}) (J;) = ccj2Bal (da, D; \ ) (C)
2 Cs/QBal (5a7 2Dj \ FJ) (2CJ) = CE/QUJ(G/, 2Cj, 2Dj \ FJ)
Since g@\Fj(z) ~ 1 = w(z,2C;,2D; \ F;) for z € 2C;, and both g@\Fj(z) and
w(z,2C;,2D; \ Fj) are harmonic in 2D; \ F; and vanish on Fj, these functions

are comparable throughout 2D; \ Fj. Therefore the preceding estimate yields a
constant ¢ > 0 such that for a € I;(¢/2) we have

Bal (04, Dj \ E) (J;) = cgg\ p, (a)-
Therefore we can continue the inequality for S; as
(35) 8z o jnf Bal(3 ©\ (BUO.A) (07])) [ gz @),
bes Le/2)

Here 1
dpro 11(a) = ————da,
Hio)(@) my/a(l—a)
and hence for a € I; = [a;, b;] we have

1 1 1
> >
mya(l —a) — m/b; T 4C1\/|I;]

by the assumption b; < Cy|;]. If

(3.6)

0; =~ — 72 = —(cap(;) — cap(F}))
74 |1;] |1;] !
then
cap(;) / 1 /
3.7 0; ~ lo = = tdur. (t) ~ — = t)dt,
(3.7) ~log oS Q%Mg>mx> M|Q%W‘)

where the equality is known (see e.g. [4, (2.7)]) and the last relation is true because
the integrals are actually integrals over [aj + (e/2)|L],b; — (¢/2)|1;]| \ E and

dpg, (t) = 1/(7r (t—a;)(b; — t)) ~ 1/|I;|d¢t there. Thus we obtain

(3.8) Sj = c10; |fj|(bié1§j Bal (6,, C\ (E'U [0,7])) ([0,7])).

All rights reserved © Bolyai Institute, University of Szeged



126 F. Todkos

For b ¢ EU|0,r] the quantity
Bal (6, C\ (E'U[0,7])) ([0,7]) = w(b, [0,r], C\ (EU[0,7]))

is a nonnegative harmonic function of b, hence by Harnack’s inequality we have for
b€ J; and d; = |I;| the inequality

Bal (65, C \ (E'U[0,7])) ([0,7]) > c2Bal (6—q,,C\ (EU0,7])) ([0,7])

with some absolute constant ¢ > 0 because dist(.J;,0) ~ dist(J;, [0,1]) ~ |I;| = d;.
By [6, Ch. II, (4.47)] we have
Bal (0_q4,,C\ (EU[0,7])) ([0,7])

> Bal (6_4,,C\ [0,1]) ([0, 7]) =% OT \/%(:j;)dt

(3.9)
1 vF 1 JF

2_

md;  m\L]

This, the previous inequality, (3.8) and (3.4) give

/’LEU[O,T‘]([O7T]) > 63\/F Z 9.77

Jo I;C[r,1]

which together with (3.3) proves (3.2).
Step I1. Let E C [0, 1] be compact and for e > 0, 0 < ¢t < 1 set

(3.10) B (t) = (E N [5t/2,t]> U et/2,et] U [(1 — £/2)t, 1].
Then for 0 < g < 1

1 cap(EZ(¢™)) go(=r)
(311) Z (Z - m) <y Q\/F 7

m: qm>2€—r

where ¢y depends only on € and q.

To prove this let the integer M be so large that ¢™ < /2. Clearly, it is
sufficient to show that for each [ = 1,..., M the sum for the subsequence m =
JM +1, j € N satisfies

Z (1 cap(Ei(quH)))<CZQQ(—7‘)'

1) S

i qu+z>2E_r

All rights reserved © Bolyai Institute, University of Szeged



Smoothness of Green’s functions and density of sets 127

But this immediately follows from the result proved in Part 1, since the intervals
I; = [eq?™M*1)2,¢?M+!] | j € N are pairwise disjoint and the set F; defined in (3.1)
for these intervals is contained in E*(¢/M+1).

Step I11. Finally, we complete the proof of Theorem 1. Let ¢ > 0 and 0 <
u<l Ifu<t<u(l-e/2)/(1—c¢), then for the sets (1.3) and (3.10) the relation
E.(t)N[eu/2,u] O E*(u) holds, and so
cap(EZ (u)) _ cap(Ee(t) N ([eu/2, u]))
u(l—¢/2) — u(l—¢/2) '

But E.(t) = [0,eu/2)U(E(u)N[ew/2, u])Ulu, t], i.e. E.(t) is obtained from E.(t)N
[eu/2,u] by attaching one-one intervals to the right and to the left. Therefore, we
can apply Lemma 3 below ((7.10), twice) to conclude

cap(Ee (u) N ([ew/2,u])) _ cap(E: (1))
u(l—¢/2) - t ’
which, together with (3.12), gives

1 cap(E.(1)) 1
3.13 - -
(3:.13) 4 t — 4 u(l—g/2)
This is true for all u <t < u(l —e/2)/(1 — €), therefore if we divide both sides by
t and integrate with respect to ¢ over the interval [u,u(1 —¢/2)/(1 — €)] then we

obtain with ¢ = (1 —¢)/(1 —¢/2)

a7 (G- s () (- SRE))

(3.12)

cap(E¢ (u))

Let k be the largest integer for which ¢*¥ > 2r/e. Summing up (3.14) for u =
7,¢%,¢>,...,q" and making use of (3.11) we obtain

s e

Since
g 2rl  2rl—5  Ar
q¢- < ——=— <

)

eq el—e~ ¢
we can change the limit of the integral to 4%. Then, changing 4?7’ for r we can use
Harnack’s inequality to obtain

(3.15) gg(—%) < Cuga(-1),

where Cj depends only on . This completes the proof of Theorem 1.
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128 F. Todkos

4. Proof of Theorem 3

It follows from Theorem 1 that (1.1) implies (1.5). Therefore we only need to
show that the converse is true. We divide the proof into two steps.

Step 1. First we are going to verify the following: If 0 < ¢ < 1 and e < ¢q/(¢+1)
then

(a.) > (- )y o

m=1

implies (1.1).

For the proof let

pr — L cap(Ee(d™))

and suppose y_ 6, < oo. Let 7 > 0 be chosen below, choose M so that Y, -, 0% <
7, and let E=FEU [eg=™ 1]. By considering Green’s functions gc\r and Yo\ i ON
a small circle about the origin not intersecting F, we can see that the Holder 1 /2
property at the origin for gc\ g is the same as for 9o\ &> therefore we may assume
that E = E, ie. Y., 0% < n and (for sufficiently large M) [(1 — a)q/2,1] C E,
where a = ¢q/(g + 1).

It is sufficient to show that ug([0,6]) = O(V/$). In fact, then

thE(t)

27n+1,r

ga(=r) = ga(-r) — g9a(0) = /log It
r/2™m
/D>

T/2mH L r<amec 20T
0((m+1 \/7) Zo( 2m7~) = O(/7).

This time let I, = [0,¢™] and C, resp. D}, be the circle resp. disk with diameter
I () = [eq¢™, (1 — €)¢™] (cf. Figure 2). For a € I, (o) = [ag™, (1 — a)g™] we
obtain from Lemma 2

M

m=0

= v

0

3
I

w(a,Cr DI\ E) <dw(a,J},D: \ E),

Y m>

where J, is the middle third part of the arc C}, N {3z > 0} (see Lemma 2) and
d = 1/cy(a—c)/(1-2¢)- Let By = Ec(q™). Since for z € J;;, we have QE\EM(Z) ~1
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Smoothness of Green’s functions and density of sets 129

and gz, (z) > 0 for z € Cf, \ J,, it follows from the maximum principle and the
previous inequality that with some constant d

(4.2) w(a,Cp, Dr \ E) < d19z\ g, (@) for any a € I, ().

Let n be large, u, = pgur, the equilibrium measure of E U I, = E U [0, ¢"],
and define M, as j1,([0,¢"]) = M,,q"/?. Since ug([0,q"]) < 1a(]0,¢"]) (note that
g is the balayage of u, out of Q), it is sufficient to show that M,, = O(1). u,, is
obtained by taking the balayage of g 1; onto E'U I,,, hence

(43 M=) [ Bal (00 C\ L) ()i o)

Set p such that ¢" < ag? < ¢"~'. Then UX_,I,(a) D (0,(1 — a)g] and since
[(1—a)g/2,1] C E, the last integral can be written as

/ " Bal(6,,C\ (B U L)) (In)dupp.ay(a)+

n

(4.4) )

+ Z/ Bal (04, C \ (E U L,)) (In)dpjo,1y(a) = S + > S

m(a) m=1

Clearly
Sg + tpo,11(In) < M[o,l]([o,q"_l]) < g2

Therefore, if we can show that with some constant ds depending only on ¢ <
q/(q+ 1) we have S, < da6*, M,q"/?, then (4.3) and (4.4) give

p

m=1

and for n < 1/2dy this yields M, < 2.

Thus, it is left to prove S¥ < dof* M,q"/?. Since the balayage measure
Bal (64,C\ (F'UI,)) can be obtained by taking first balayage out of D \ F and
then taking the balayage of the so obtained measure out of C\ (F U I,,), we have
the formula

Bal (3,,C\ (EUI,,)) (I,) = / Bal (8,,C \ (EUI,)) (I,)dBal (6., D%, \ E) (b).

Here
Bal (da, Dy, \ E) (C},) = w(a, Cy,, Dy, \ E),
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130 F. Todkos

E.
Figure 2: the disk Dj;, and the set Ep,

hence
Sp=[ [ Bl C\(BU L) ()dBal 60, D\ B) (o)
(4.5) fm{e) 1 OR

< ( sup Bal (6,,C\ (FUI,)) (In)> / w(a,Cr,, Dy, \ E)dppo 1y(a).
beCs, I (@)

Since for a € I,(a) the equilibrium measure po q(a) is given by the density

1/(7n/a(1 - a)) ~ ¢~™/2, we obtain from (4.2)

S* < (sup Bal(d,C\ (E U L)) (In))/ g (@)dsg—"2da.
beCr, I (@)

Now, just like in (3.7)
O ~ q‘m/ 9%\, (1)dt,
I

m
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Smoothness of Green’s functions and density of sets 131

therefore the last integral is at most dyq™/ 20 . hence it is left to show

sup Bal (6, C\ (EUI,)) (In) < dsBal (0, C\ (E U I,,)) (I,)g~™/?,
beCr,

because Bal (do,,C \ (E'U I,,)) is the equilibrium measure of E U I,, and
Bal (000, C\ (EU I,)) (I,) = pin(I,) = Mpq™/?.

We estimate the harmonic measure Bal (6,,C\ (E U I,,)) (I,) = w(z, I,,,C\
(EUI,)) for z € C, by taking the conformal map

w(z) = (q_”_lz - 1) - \/(q_"—lz - 1)2 -1

of C\ I, onto the unit disk D. This maps I,, onto T, E \ I,, into a subset E* of
[¢"T2,1], the point oo into the origin and the circle C, into a closed curve v such
that all points of ~ are of distance ~ ¢"™~™ from 0. Thus, there is a constant dg
such that + lies inside the circle Ty gn—m of radius dgg"~™ about the origin. Now
for b € C}, we obtain from the maximum principle

w(b, I, C\ (EUI,)) = w(w(b),T,D\ E¥)
< sup  w(wT,D\ E*) =w(—deq" ™, T,D\ E¥),

wETdanfm,

where the last equality follows from the solution to Milloux’ problem (see [1, Section
3.3]). Hence, it is enough to prove

(4.6) w(=deq"™™, T,D\ E*) < drg~™w(0, T,D\ E*).

Map now D onto the exterior of [—1,1] by v(w) = (w + 1/w)/2, and then the
exterior of [~1,¢7 "2 — 1] onto D by

u(v) = (q”“(v +1) — 1) - \/(q"“(v +1) — 1)2 1.

Under these mappings the point —dgg™ ™ is mapped into —1+7,, with 7, ~ ¢™/2,
while 0 is mapped into 0, furthermore with z = u(v(w)) = h(w) the function
w(h~™Y(2),T,D\ E*) is harmonic in I (note that the image of E* under w +— h(w)
is part of the unit circle). Hence Harnack’s inequality gives

wh™H (=14 70), T,D\ E*) < drg~™?w(h™1(0),T,D\ E7),

and this is (4.6).
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132 F. Todkos

Step I1. Let ¢/ < 1/2 and suppose (1.5) holds with ¢’ in place of e. Then (4.1)
holds for e’ < e < ¢/(g+1) (¢g<1).

Let 0 <u< 1. Ifu(l—e)/(1—¢") <t<u, then for the sets (1.3) and E.(u)
the relation E’(t) C E.(u) N [0,¢] holds, and so

cap(E. (1)) < cap(E.(u) N [O,t])'

(4.7) < :

Since E.(u) = (E.(u) N[0,t]) U [t,u], applying Lemma 3 (like in the Proof of
Theorem 1) we can conclude

cap(E (1)) < cap(Ee(u))
t - U

)

hence

(4.8) i_ﬁﬂ%ﬁﬁzl_wM&WU

W |

u

Dividing both sides by ¢ and integrating with respect to t over the interval [u(1l —
€)/(1 —¢'),u] we obtain with ¢ = (1 —¢)/(1 —¢’)

/

(4.9) /qu (l_w>%dt2 <log1—6 ><l_cap(E5(u))>'

w V4 t 1—e/\4 U
Summing up for u = 1,¢,¢% ¢>,...,¢™ and making use of (1.5) we obtain
Z ( cap(&, (q ))) < o0,
m=1

and the proof of Theorem 3 is complete.

5. Proof of Theorem 4

First of all notice that in the proof of Theorem 1 we used the fact that £ C
[0,1] only in Step I. Actually, we used it at two main steps: proving (3.8) (using
the equilibrium measure of [0,1]) and establishing (3.9). Therefore, we will only
mention the steps where the proof differs from that of Theorem 1.

We are going to use the notations of Step I. Instead of (3.3) now we have

(5.1) peupr([0,7]) < Cagalir),  0<r <1
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Indeed,

ir—t
t

galir) > gE\(EU[O,r})(ir) = kB0 (0) — UHEVO. (1) = /log‘ ‘d,uEU[O,r] (t)

> log V2 /0 ' dppup(t) = <log \/5) tsufo, ([0,7]).

Replacing pio,1] by j—1,1) in the argument before (3.5) we have (c.f. (3.5))

5:2) 8, clinf Bal@.C\ (BU01) (071) [ e (s (@)

beJ; S (e)
Now (c.f. the proof of (3.8)) we have

(5.3) Sj 2 019j|fj|(bigj Bal (65, C\ (E' U [0,7])) ([0,7])),

since

! dt
T/ (1+t)(1—1t)

dpp—1)(t) =

and (c.f. (3.6))

1 1
> —.
m/(1+t)(1—-t) 7

In (3.9) we used §_g4,. Now, since —d; may be in E, let us change it for id;.
By Harnack’s inequality we have for b € J;

Bal (0, C\ (£ U [0,7])) ([0, 7]) = e1Bal (dig,, C\ (E U0, 7])) ([0, 7])
(5.4) > ¢1Bal (6;a,,C\ [-1,1]) ([0,7])
= c1w(id;, [0,7],C\ [-1,1]).

Applying the transformation p(z) = z — v/22 — 1 and using ([6, Ch. II,(4.8)]) we
have

/2 27 —arccos T
:%( / P(g,i(dj—,/ud?))dw / P(g,i(dj—,/udg))dt),
arceos 37/2
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where ¢ = e, P is the Poisson kernel and A is the intersection TN {z : 0 <
R(z) < r} consisting of two arcs on the unit circle. Thus,

w(id;, [0,7], €\ [-1,1])

| Zaceos 1- (1428 - 24,1+ @)

> - / dt
g 1=2(y/1+ @ =) cos (t+ 3) + (14283 — 245\ /1 + &)
) a;(\/1+& - &)

J
z;rl_z(\/ﬁdg >m+<1+2d3_2dj\/rd?>.
Assuming d; > r we get
w(idj,[O,r],C\[—l,ID
_r dj(\/?d?—dj)
> 7r1—2(\/rd?—dj)\/1—7d?+ (1 +2d3 —2dj\/fd§)
. dj(,/1+d? — dj) o
i)

RN e RN R

where
f(z) = (V14 a? —x) V1422 + V1 —a?
_1—(\/1+x2—x)(\/1—x2+x)_ 2z '

2 f(x) is monotone decreasing on [0, 1], hence

108

which gives
w(id;, 0,7],C\ [-1,1]) > @(;—J)

This, (5.4) and (5.3) give
Sj Z Cg&j’r‘

for d; > r, I; C [r,1], which proves

)

1 F; )
E 1 cap( 7)) < COQQ(”")
_ 121 r
J: I;Clr1], [T 27

and the proof of Step I is complete.
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The requirement |I;| > r in the summation doesn’t affect the proofs in Steps
IT and III, because if ¢™ > 2€—T, then r < ¢"(1 — ¢/2) = |I;|. Finally, in (3.15) we

can change the arguments for ier/4 and ir respectively.
]

6. Proof of Theorem 5 and Corollary 1

Again, we will only mention the steps where the proof differs from that of
Theorem 3. We only need to show that if F.(t) and E.(—t) satisfy (1.5), then (1.7)
holds. We need some changes in Step I.

It suffices to show that ug([—0d,0]) = O(5). This time let p, = ppuj—gn g7
the equilibrium measure of FU[—¢", ¢"], and define M,, as u,([—q", ¢"]) = M,q"™.
Again it is sufficient to show that M,, = O(1). w, is obtained by taking the balayage
of py—1,1) onto E'U[—¢",¢"], hence

Mnq" = p—1,1(—4¢", ¢" )+

(6.1) i /[qn,mE Bal (5, C \ (B U [=q",¢"])) (=", ¢"])dp—1,1)(a)+

s Bl O\ BU ")) (g g a1 a).
[-L—q"]\E

Now

pro (4" e ) < e
and we can write the two integrals as sums like before. We will only deal with the
first integral, the other one can be handled similarly. Let «, I,,(«) and 87, be as in
the proof of Theorem 3. It suffices to show that with some constant do depending
only on € we have S, < d20;, M, q", where

S;% - / Bal (5a7(c\ (E U [_3n7 Sn])) ([_qn’ qn])d'u[—lvl] (CL)
Im (@)

and I, (a) = [ag™, (1 — a)q™].

The inequality in (4.5) and the equations before remain valid if we change I,
for [—¢™, ¢"] and [0,1] for [—1,1] (and C}, and D, are the circle and disk with
diameter I,,,). This time for a € I, («) the density of the equilibrium measure

p—1,1)(a)is 1/ (w (a+1)(1 - a)) ~ 1, hence it is left to show
Jup Bal (05, C\ (EU[=¢",q"])) ([=4",4"])
< dsBal (00, C\ (EU[-¢",¢"])) ([=¢",a"Da™™.
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The conformal map
w(z) =q¢ "z (@"2)? — 1

takes C\ [—¢", ¢"] onto the unit disk D, [—¢", ¢"] onto T, E\ [—¢", ¢"] into a subset
E* of [-1,—¢""2] U [¢"2, 1], the point oo into the origin and the circle C7, into a
closed curve  such that all points of v are of distance ~ ¢"~" from 0. Hence, it
is enough to prove

(6.2) sup  w(w,T,D\ E*) < dz¢ "w(0,T,D\ E¥).
wETdanfm,
Let § < g9, where ¢q is defined in Lemma 4. Set E** = [-1+§,1 — ] N E*.
The image of E** under w=!is EN ([—1, —sT(2-8+6%)/(2—-0)U[sT(2 -5+

5%)/(2 —6), 1]), which has positive capacity for large n. Therefore we can assume

that cap(E**) > 0. The left-hand side of (6.2) is increasing if we replace D\ E*
by (D \ E**). The function w(z, T,D\ E**) is harmonic in D \ E** and equals 1
on T, therefore it is comparable with 9o\ e More precisely, let A = infr 9E\ e
It follows from Harnack’s principle that there is a constant ¢s depending only on &
such that 9%\ - (z) < ¢sA for z € T. Thus

(6.3) Aw(z, T,D\ E*) < 9%\ - (2) < c5Aw(z, T, D\ E*)

holds true on T and an application of the maximum principle shows that it is true
for all 2 € D\ E**. This implies

. 1
for w € Tgggn-m. It follows from the definition of the Green function (2.1) that if

FcCcRand z=z+1y, z, y € R,y > 0 then QE\F(Z) is monotone increasing in y.
Using also the symmetry with respect to the real axis we have

wETdanfm,

where L = {z : z =2+ 1idsq"™ ™, |z| < dsq”™}. By Harnack’s inequality (2.5)
and (6.3) we obtain

(6.6) SUD g - (w) < dsgg .- (ideq" ™) < dscsAw(ideq" ™™, T, D\ E*).
we
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On the other hand, by Lemma 4 the right-hand side of (6.2) is not less than
dog™™w(0,T,D\ E**). In view of this and (6.3)—(6.6) it suffices to prove

(6.7) w(idgg™™ ™, T, D\ E*) < dyog~"w(0, T, D\ E**).
Now set v(w) = (w + 1/w)/2 and
u(v) = ¢""v — /(q"Hv)? - 1.

Under the mapping z = u(v(w)) the origin is mapped into itself, D\ E** is mapped
into a set containing D, E** is mapped into a subset of the unit circle T and the

n—m

point idgq is mapped into a point of distance > dq¢™ from T, where d is a
constant. Thus with z = u(v(w)) = h(w), using Harnack’s inequality we get (6.7).
This completes the proof of Theorem 5.

The proof of Corollary 1 is immediate from Lemmas 1 and 3. First of all,
Lemma 1 implies (1.2) and
o cap(EN[-r,0]) 1

li .
T1—>0 r 4

Then, taking I = [—r,0], J =[0,7] and F = EN[—r,0] in (7.10) we get

©8) y cap((E N[-r,0) U [0,7‘]) 1

r—0 r T2

Next, taking I = [0,r], J = [-r,0], F = EN[0,r] and G = EN[-7,0] in (7.9) we
can infer
cap(E N [—r,7r]) S 4cap(E N[0, 7)) .

(6.9) 1> >
cap((E N[-r,0)U [O,r]) r

Finally, (1.10) is a direct consequence of (6.8) and (6.9).

7. Lemmas

Lemma 1. (1.5) for every e > 0 implies (1.2).
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Proof. Let > 0 be arbitrary such that 1+7n < (1—¢/2)/(1—¢). For t/(1+n) <
u <t we have F,/5(u) C E(t), therefore

1 Cap(Ea/ (u)) 1 cap(E:(t)) 1 cap(E:(t))
R e U
> 1 _ cap(F.(t)) —n
4 t

On adding 7, dividing by u both sides and integrating with respect to u over the
interval /(1 +n) < u <t we obtain

1
4 t ~ log(1+n)

cap(E.(t)) < 1 /t (l B Cap(Es/Q(u))>ldu +n
/(@4 u woo

Therefore, the finiteness of the integral in (1.5) (for £/2 rather than for ¢) gives

(} B Cap(Ee(t))> <

lim su
P31 ¢

t—0

and since here n > 0 can be arbitrarily small, it follows that

. cap(EL(t) _ 1
(7.1) = ~7

Now let {t,,} be an arbitrary positive sequence tending to 0 and set

1

Fo= Eeltn)/tn, vn= s

HE,

[6,1—¢]

We have just proved that cap(F,) — 1/4 as n — oo, and below we verify that this
implies the convergence pr, — po,1) in the weak™ topology. Since

/1‘[0,1]((87 1- 5)) >1- 2\/57

there is an ng such that for n > ng we have ug, ((¢,1 —¢)) > 1 — 2y/c. There is
also an ny such that for n > n; the inequality

UHFn () = log < (1+4¢)log4, xeF,

1
cap(F)
holds, which implies for n > max(ng, n1)

U (z) 1+¢)logd, x € F,.

SR
= 1-2E
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But the measure v, is supported on F,, N [e,1 — ¢] and has mass 1, hence the
preceding inequality gives

1
cap(F, N (

1
1 < [ U"dv, < ———(1 +¢)log4, €F,,
°8 [e,l—em—/ nS T g Teled

(142)/(1-2V)
cap((En N [0,])/tn) > cap(F, N e, 1 —¢]) > )

N

Since here ¢ > 0 is arbitrary, it follows that cap(E, N[0,t,])/t,) — 1/4 as n — oo,
and this is (1.2).

Above we used that as n — oo, we have up, — po,1) in the weak™ topology
on measures. In fact, let o be a weak™ limit of some subsequence, say KF,, — 0 as
I — 0o. Then o is supported in [0, 1], has total mass 1, and all we have to show is
that o = p9,1). We know that

7.2 UHin =log ———
(72) (@) = log 7=
for x € F,, with the exception of a set of capacity 0, and the same is true for [0, 1].
Since F,, C [0, 1], it follows that

cap((0, 1])

UHtFn < UHFlo.1] 1
(z) < () +log = 0 )

for x € F,, with the exception of a set of capacity 0, and since every set of zero
capacity has zero pp, -measure (see [6, Remark 1.1.7, p. 28]), it follows that this
inequality is true p g, -almost everywhere. But then by the principle of domination
[6, Theorem I1.3.2] the same inequality is true for all z € C. Fixing such an
z ¢ [0,1] and letting n tend to infinity through the subsequence {n;} it follows
from cap(F,,) — 1/4 = cap(FE) that

U (z) < UFO ().

Thus, this inequality is true for all z € C\ [0, 1].
However, the function
Ut (z) — U (x)

vanishes at infinity, so it is harmonic there, and an appeal to the minimum principle
on the domain C \ [0, 1] yields that we must have

U (z) = UF0(2), x € C\[0,1].

Now we can conclude o = p[g 1) from the unicity theorem [6, Theorem II.4.13].
[
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Lemma 2. Let J = {e¥? : 71/3 < p < 27/3} be the middle third of the upper part
of the unit circle. For every € > 0 there is a constant cc > 0 with the following
property: if F C [—1,1] is any compact set with [—1,—1+¢e]U[l —¢,1] C F, then
for x € [-1,1]\ F the inequality

(7.3) w(z, D\ F) > ccw(z, T,D\ F)

holds.
Remark 1. The proof actually works the same way for any arc J C T.

Proof. First we verify the lemma in the special case when [—-1,1]\ F =T = (u,v)
is an interval. Let a € I be the point for which

U—uo v—«

1—ou 1-—av’

and apply the conformal map 1 (z) = (z — «)/(1 — @z). This maps the unit circle
into itself, F' into a set F’ of type [—1, —a] U [a, 1], and J into some arc J’ of the
upper half circle Ty = {e? : 0 < ¢ < 7} (see Figure 3). It is easy to see that
there is a constant b, > 0 depending only ¢ such that F’ contains the intervals
[-1,—1 4 b.] and [1 — b., 1] and both the arc length of J’ and the distance of J’
from the points +1 is > b.. Map now D\ F’ conformally onto D via the mapping 1o
normalized by 12(0) = 0, ¢4(0) > 0. The image of [-1,0]NF’ = [~1, —a] is an arc
on T symmetric about the point —1, and similarly the image of [0, 1]NF’ = [a, 1] is
an arc on T symmetric about the point 1, furthermore the length of these arcs are
bounded from below by some constant d. > 0. T is mapped into the complementary
arcs of T, and let us denote the complementary arc lying on the upper half plane
by A” (which is the image of the upper half circle T under 1, i.e. A” = o(T4)).
The image J” of J' is a subarc of A”, and its length is comparable to the length
of the latter, i.e. with some d. > 0 we have

(arc length of J”) > §.(arc length of A”).

If y = Ya(v1(x)) € (—1,1) is the image of x, then using the conformal invariance
of harmonic measures, (7.3) takes the form

w(@/? J//7 ]D)) > Csw(y7 ¢2 o 1/}1 (T)7 ]D))7
which, using the symmetry of the image 12 011 (T) = A” U (—A"), is equivalent to

w(y, J", D) > 2ccw(y, A”, D).
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But in D harmonic measures are given by the Poisson kernel, so the preceding
inequality is the same as

1 1—y? 1 1—y?
» g > 2ec5 [ g,
2w Jyn € —yl? “2m Jan [€ —yl?

which is clear with some ¢, > 0, since y € [—1,1] and on the two sides during

integration £ runs trough two arcs of comparable length both of which lie of distance
> d./4 from [—1,1]. Thus, (7.4) is true with some ¢, > 0, and this gives (7.3).

M

(7.4)

~— S

A
¥

»
>

di
i

7
T

L

TN

T+ // g /\I/z

Figure 3: the mappings 1 and v

Next we turn to the general case, i.e. when [-1,1]\ F =[-1+¢,1—¢|\ F
is an arbitrary open set. Since the constant c. should be independent of the set F’
(depending only on & with [-1,—1+¢]U[1 —¢,1] C F), without loss of generality
we may assume F' to consist of finitely many intervals, in which case [-1,1] \ F
consists of finitely many open intervals, say I1, ..., I,.

According to (2.4), what we have to prove is that there is a constant c¢. > 0
such that for z € [-1,1] \ F' we have

(7.5) Bal (8,,D\ F) (J) > c.Bal (6,, D\ F) (T).
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We show that the constant c. verified above for the special case when [—1,1]\ F
was an interval, is appropriate. To this end, starting from vy = §,, we successively
define the measures v,, by

vnt1 = Bal (v, D\ ([=1,1]\ I},)) ,

where j, € {1,2,...,m} is the index j for which v,,(I;) is maximal for j = 1,...,m.
Each v, is supported on TU[—1,1], and on TUF the measures v,, form a monotone
increasing sequence of measures. Note also that on T U F' we have

un+1—-un::j/ Bal (6,, D\ ([-1,1]\ I;,)) dva (),
:

J

and by the special case proved in the first part of this proof, here we have for all
x € I;, the inequality

Bal (0, D\ ([~1,1]\ 1;,)) (J) = e-Bal (6, D\ ([-1,1] \ I;,)) (T).
Therefore the same is true of v,11 — vy, i.e. we have
Unt1(J) = vn(J) > cc(Un41(T) — vn(T)), n=0,1,....
Since vo(J) = vp(T) = 0, induction gives
Unt1(J) > ccvp1(T), n=20,1,...,

therefore (7.5) will follow from here if we show that v, — Bal (d,,D\ F) as n — oo.
As {v, |’IF UF > is an increasing sequence of measures on T U F', it converges to

some measure v supported on T U F', and to complete the proof we show that
v =Bal(0,,D\ F) and v,,([-1,1]\ F) — 0 as n — oo. Since the total mass of each
vy is 1, it is clear that the total mass of v is at most 1. Also, by the properties of
balayage measures, for z € C'U F' and for all n we have the equality

1

U () = U (2) = = U(2) = log
zZ—T

and it is easy to see that then the same is true of v, i.e.

(7.6) U”(z)zlog% z€TUF.

)
z —
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Now Bal (6, D\ F') is the unique measure supported on T U F' which has mass 1
and its logarithmic potential is log1/|z — x|, thus the proof will be complete if we
show that v has mass 1, i.e. ¥(T U F) = 1, which is the same as

lim v, ([-1,1]\ F)=0

n—oo

which we wanted to prove anyway. This will be done by showing that in each step
when going from v, to v,41 a fixed portion of the mass un‘ is moved to

[-1,1]\ F

F, ie. with some v < 1 we have
(7.7) V1 ([=1L 1]\ F) < ywn([=1,1]\ F).

Let I; = [aj,b;], and let 7 > 0 be so small that all the intervals [a; — 7, a;] and
[bj,b; + 7] are part of (—1, 1) and they are disjoint. For I = I, and y € I the value

Bal (§y7]D)\ ([_17 1] \I)) ([ajn -7 ajn] U [bjn7bjn + T])7

which is the same as
w(9:1as, = 7.0;,] U b, by, + 71D\ (F1,1]\ D))

is bounded from below by a constant p independent of n and y € I = I;,,. In fact,
consider the conformal maps 1,9 from the first part of the proof. Under 5 o1
the set [a;, —7,a;,]U[b;,, b, +7] is mapped into the union of two arcs Ay, one-one
around *1, of length bounded from below by a positive constant depending only
on € and 7. Now the inequality

(7'8) w(y7 [ajn ) a’jn] U [bjn7bjn + T]vD\ ([_17 1] U I)) >p

with some positive constant p follows from the fact that here the left-hand side is

1 1—22
w(z, A_U A, D) / el 2= i)

S 2w Jaua, 1€ 2

and the integral is bounded from below by a positive constant p for any point
z € [-1,1] (and hence in particular also for the point z = 12(¢1(y))).
We obtain from (7.8)

Bal (6, D\ ([=1,1]\ 1)) (F)
> Bal (0, D\ ([=1, 1]\ 1)) ([a;,, — 75,1 U[bj,, b5, +7]) = p,
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which gives

Bal(z/n‘j_ ,D\([—l,l]\]))(F):/ Bal (8,, D\ ([~1,1] \ 1)) (F)dvn ()

Jn I;

> / pdvaly) = pa(l;,)

J

and here the right-hand side is at least pv,([—1,1] \ F)/m by the choice of the
interval I . Thus,

Vi (=1, 1]\ F)
< (=L F) = Bal(vn) DA (LD (F)

In

Svn([=LUNF) = prn([=1L N\ F)/m = va([=1, 1]\ F)(1 = p/m).

This proves (7.7) and the proof is complete.
|

Lemma 3. Let I be a closed interval in R and let J be a closed interval that is
attached either from the left or from the right to I. Let F' and G be closed subsets
of I and J, respectively. Then

cap(F) < cap(FUG)

(79) [I]  — 4cap(IUG)’

In particular, if G = J then

cap(F) _ cap(FUJ)
(7.10) < .
] 1]+ 1[J]
Proof. Without loss of generality we may assume F' and G to be regular compact
sets (or to consist of finitely many closed intervals if we wish). The equilibrium

measure pp is obtained from py by adding to pr 7 the balayage of v := uy ‘I \F

out of C\ F (see [6, Theorem IV.1.6, (e)]), and in this balayage process the potential
on F increases by a constant value. More precisely (see (2.2), (2.3)), for z € F and
7 :=Bal (v,C\ F) we have

U”(z) = U"(z) + /

g, w0 (a),
I\F

and this gives
UFF () = UM (2) + /\ 9z\r(a)dpr(a).
I\F
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Taking into account that for x € F the equilibrium potentials on the left and right-
hand sides are the constants log 1/cap(F’) and log 1/cap(I) = log4/|I], respectively,
we obtain the identity

1 4
7.11 logi—log—:/ g= »(a)dur(a).
(v cap(F) Ty PR )

The analogous formula for F'U G and I U G reads as

1 1

log — log :/ g~ (@)dproc(a)
cap(F'UG) cap(IUG) — Jiruawua “CNEVD) v

(7.12)
=/ 98\ (ruc)(@)dpruc(a),
I\F

where we used that (IUG)\ (FUG) = I'\ F, so the integration is over the same set
on the right-hand sides of (7.11) and (7.12). Since the measure p; is the balayage
of urue onto I (see [6, Theorem IV.1.6, (e)]), we have on I \ F the inequality
dproc(a) < dpp(a). At the same time gE\(Fuc)(a) < gE\F(a), and these show that
the integral on the right-hand side of (7.12) is not larger than the integral on the
right-hand side of (7.11). This gives

1

1 —1
& cap(F'UG) &

4
—log —

< log Tik

1 1
cap(JUGQG) cap(F)

which is the same as (7.9).
[

Lemma 4. There is an g such that for each 0 < € < gg there exists a constant C,
with the following property: if F C [—1,1] then

(7.13) w(0,T,D\ F) > Cw(0,T,(D\ F)U[-1,—-1+¢]U[l —¢,1]).

Proof. Clearly, for every € > 0

w0, T,(D\ F)Uu[-1,-14+¢]U[l —¢,1])

T 0 TU L, 14 U1 = 1], D\ F)\ (=1, ~1 = ] U [1 — &, 1)),

There is a conformal mapping ® of D\ ([—1,—1+¢]U[1 —¢, 1]) onto D which maps
TU[-1, —1+¢]U[l—¢,1]onto T, [1—¢, 1] into an arc of the form L = {e*® : |¢| < 6.}
(and symmetrically [-1,—1 + €] into an opposite arc L’), it takes 0 into 0 and
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FnN[-1+¢1—¢] into some subset F* C [—1,1]. Because of the conformal
invariance of harmonic measures,

(7.15)

w(0, TU[-1,—-14+¢e]U[l1—¢,1],(D\ F)\([-1,-1—¢]U[1—¢,1])) = w(0, T, D\ F™*).

If ¢ is sufficiently small, then T\ (L U L) contains the pair of arcs J = {e'® :
w/4 < |p| < 3mw/4}. According to [4, Lemma 7.2]

(7.16) %w(O,T,]D)\F*) < w(0, 7D\ F*),

and here the right-hand side is at most w(0, T\ (LU L),D\ F*). Now application
of @71 gives

w(0, T\ (LUL),D\ F*) = w(0,T,([D\ F)\ (-1, -1 +¢] U (1 —¢,1])
<w(0,T,D\ F).

This, along with (7.14)—(7.16) gives (7.13) and the proof is complete.
[
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